The linear stability analysis of pressure-driven flow undergoing viscous heating through a channel is considered. 
Introduction
The study of flows of viscous fluids with temperaturedependent properties is of great interest in lubrication, tribology, food processing, instrumentation, and viscometry. In the polymer processing industries ͓1͔, viscous heating plays an important role as many fluids in such applications strongly depend on temperature because of the coupling between the energy and momentum equations causing profound changes in the flow structure ͓2-8͔. Although a large number of studies have examined the effect of temperature-dependent fluid viscosity and wall heating on flow stability, which have included boundary-layer ͓9-12͔, Couette ͓13-19͔, channel ͓20-25͔, and pipe flows ͓26,27͔, viscous heating in Poiseuille channel flow has received far less attention. The main objective of the present paper therefore is to examine the linear stability of pressure-driven channel flow with viscous heating and asymmetrically heated walls.
In literature, the effect of viscous heating has been studied using either Arrhenius-type relationships ͑see Refs. ͓16,28͔͒ or a Nahme-type law ͑see Refs. ͓15,17-19,29͔ for instance͒ to model the temperature-viscosity relationship. Davis et al. ͓28͔ and Eldabe et al. ͓16͔ used an Arrhenius-type relationship and a Nahmetype law, respectively, to study plane Couette flow and showed that the graph of shear rate against shear stress is monotonic for fluids, which are less sensitive to temperature ͑as considered in the present study͒ and S shape for fluids, which are highly sensitive to temperature. The latter also compared the results obtained using both relationships.
The linear stability of channel flow with wall heating was studied by Potter and Graber ͓20͔ and Pinarbasi and Liakopoulos ͓24͔ who found that the temperature differences between the walls was always destabilizing; this finding was later confirmed by Schäfer and Herwig ͓21͔ via an asymptotic analysis of a similar problem. Unlike the above studies, Wall and Wilson ͓23͔ and Sameen and Govindarajan ͓22͔ rescaled the governing equations using the viscosity of the fluid at the hot wall and the average viscosity across the channel, respectively. Their results, in contradiction to those in Refs. ͓20,21͔ indicated that the temperature difference between the walls was stabilizing. Using a transient growth analysis, Sameen and Govindarajan ͓22͔ showed that the Prandtl number ͑taken to be negligible in the linear stability analysis ͓23͔͒ had a large destabilizing influence. They also studied the effect of buoyancy and found that the Poiseuille-Rayleigh-Bénard mode, which appears at a moderate Grashof number, merged with the Poiseuille mode at high Grashof number. Carrière and Monkewitz ͓25͔ showed that the flow was absolutely unstable at very low Reynolds numbers and high Grashof numbers. In all the above studies, the effect of viscous heating, whose study is the main objective of the present paper, was neglected.
The effect of viscous heating in Couette flows was considered by several authors ͓15,5,17͔. They found that the critical Reynolds number decreases as the viscous heating increases. A similar conclusion was also found in Taylor-Couette systems by several authors theoretically ͓30-33͔ and experimentally ͓34,35͔. They found that the coupling between the velocity perturbations and the base state temperature gradient is the main mechanism of instability, as it gives rise to spatially inhomogeneous temperature fluctuations, which in turn reduce the local viscosity thereby decreasing the dissipation energy of the disturbances. For very large Pr, Thomas et al. ͓30͔ also derived an analytical expression for the critical Reynolds number as a function of the Nahme and Prandtl numbers. Pinarbasi and Imal ͓29͔ studied the effect of viscous heating of inelastic fluid flow through a symmetrically heated channel, finding that viscous heating had a destabilizing influence. Of particular interest here is the work of Costa and Macedonio ͓6͔, who studied the effect of viscous heating with temperaturedependent viscosity in a symmetrically heated channel flow by linear stability analysis and direct numerical simulations. They found that in certain regimes, viscous heating can trigger and sustain secondary rotational flows. In the present paper, the effect of viscous heating on Poiseuille flow in an asymmetrically heated channel is studied, which appears not to have been done previously.
The rest of this paper is organized as follows. The details of the problem formulation are provided in Sec. 2 and the results of the linear stability analysis are presented in Sec. 3. The concluding remarks are provided in Sec. 4.
Formulation of the Problem
The pressure-driven, two-dimensional ͑2D͒ channel flow of a Newtonian and incompressible fluid with viscous heating is considered, as shown in Fig. 1 . The walls are maintained at ͑different͒ constant temperatures; ⌬T ϵ T u − T l , where T u is the temperature at the top wall. A rectangular coordinate system ͑x , y͒ is used to model this flow where x and y denote the horizontal and vertical coordinates. The rigid and impermeable channel walls are located at y =−H and y = H. The following Nahme-type viscositytemperature relationship ͓36,15,8͔ is used that approximates the variation in viscosity of many liquids over a wide range of temperature:
where ␤ is a dimensionless activation energy parameter that stands for the sensitivity of the viscosity to temperature variation; for liquids, ␤ is a positive number and l is the value of the viscosity at T l .
The following scaling is employed in order to render these equations dimensionless:
where u and v denote the horizontal and vertical velocity components and p, , and t denote pressure, density, and time, respectively. The tildes designate dimensionless quantities and U m is the maximum value of the horizontal velocity component. With the usual Boussinesq approximation, the dimensionless governing equations ͑after dropping tildes from all nondimensional terms͒ are then given by ‫ץ‬u ‫ץ‬x
where Re͑ϵU m H / l ͒, Na͑ϵ␤ l U m 2 / T l ͒, Pr͑ϵc p l / ͒, and Gr͑ϵ␣ 0 T l gH 3 / ␤ 2 ͒ are the Reynolds, Nahme, Prandtl, and Grashof numbers, respectively; ͑ϵ l / ͒ is a kinematic viscosity while , c p , g, and ␣ 0 are coefficient of thermal conductivity, specific heat capacity at constant pressure, the acceleration due to gravity, and the thermal expansion coefficient, respectively. It can be seen that the equations of motion and energy are coupled by the temperature dependence of the viscosity. The extent of coupling increases with Na, which is the product of ␤ and the Brinkman number ͑Brϵ l U m 2 / T l ͒.
Basic State.
The base state whose linear stability characteristics will be analyzed, corresponds to a steady, parallel, fully developed flow with vertical thermal stratification.
where U, G, T 0 , and 0 represent the horizontal velocity component, constant horizontal pressure gradient, temperature, and viscosity for the basic state. The dimensionless viscosity-temperature relationship for the basic state is given by
The coupled Eqs. ͑7͒ and ͑8͒ are solved using a fourth-order Runge-Kutta method and validated against solutions generated using MATLAB with the following boundary conditions:
where r T = ␤⌬T / T l . The basic state velocity profiles obtained above for a constant pressure gradient are then rescaled by the maximum horizontal velocity U m . Typical basic state profiles of the second derivative of the horizontal velocity component ͑UЉ͒ and temperature ͑T 0 ͒ for different Na when r T = 1 and r T = −0.5 are shown in Figs. 2͑a͒-2͑d͒, respectively. An inspection of Figs. 2͑a͒ and 2͑c͒ reveals that the tendency of the profiles to become inflectional ͑UЉ = 0 for a value of y in the channel͒ increases with Na; the profile is inflectional for NaϾ 0.8 approximately indicating that the flow in inviscidly unstable ͓37͔ for these parameter values. These features also indicate that increasing Na is expected to exert a destabilizing influence on the flow. As expected, it can be seen that the inflectional point always lies near the cold wall.
Linear Stability Analysis.
We examine the temporal linear stability of the base state obtained by solving Eqs. ͑7͒ and ͑8͒ to infinitesimal, 2D disturbances using a normal modes analysis by expressing each flow variable as the sum of a base state and a 2D perturbation ͓38,39͔, ͑u,v,p,T,͒͑x,y,t͒ = ͓U͑y͒,0,P͑y͒,T 0 ͑y͒, 0 ͑y͔͒
where the hat decoration designates the perturbation quantities. In Eq. ͑12͒, = ͑d 0 / dT 0 ͒T represents the perturbation viscosity, ␣ is the disturbance wavenumber ͑real͒, and is a complex frequency. The amplitude of the velocity disturbances are then reexpressed in terms of a streamfunction: ͑û , v ͒ = ͑Ј ,−ı␣͒, where the prime denotes differentiation with respect to y. The substitution of Eq. ͑12͒ into Eqs. ͑3͒-͑6͒ followed by subtraction of the base state equations, subsequent linearization, and elimination of the pressure perturbation yields the following coupled ordinary differential eigenvalue equations ͑following the suppression of the hat decoration͒: 
where c͑ϵ / ␣͒ is a complex phase speed of the disturbance. Note that a given mode is unstable if i Ͼ 0, stable if i Ͻ 0, and neutrally stable if i = 0. The minimum Reynolds number in the neutral stability curve ͑contour of c i =0 in ␣ against Re plot͒ is referred to here as a "critical" Reynolds number Re cr . In the limit ͑Na→ 0͒, these equations reduce to those of Sameen and Govindarajan ͓22͔; and in the limit ͑Na, Gr͒ → 0, we obtained the stability equations of Wall and Wilson ͓23͔. We can also recover the Orr-Sommerfeld equation for the special case of T = 0 and 0 =1. The eigenvalue c and the eigenfunctions and T are obtained via the solution of Eqs. ͑13͒ and ͑14͒ using the Chebyshev spectral collocation method ͓40͔, accomplished by the specification of the collocation points chosen to be the Chebyshev Gauss-Lobatto points defined as y k = cos͑k / N͒, where k = ͑1,N͒ subject to the following boundary conditions:
where N is the order of Chebyshev polynomials. The eigenvalue problem is then recast into the following matrix form:
and solved using the public domain software LAPACK. A similar technique has previously been used to study the stability of flow through a diverging pipe ͓40͔ and interfacial stability of nonNewtonian fluid flow through a channel ͓39͔. The results obtained from the above linear stability analysis are discussed below.
Results and Discussion
We begin the presentation of our results by demonstrating their convergence the on refinement of the spatial-mesh. Evidence of this is provided in Fig. 3 in which we plot the neutral stability curves for r T = 1, Pr= 1, Gr= 100, and Na= 0.86. The parameter values chosen are characteristic of a situation when the top channel wall is maintained at a higher temperature than that of the bottom wall, with some typical values of Prandtl and Grashof numbers. In this case, one would expect the flow to be more unstable than isothermal channel ͑e.g., Refs. ͓22,23͔͒. It can be seen that the curves are indistinguishable for different values of the order of Chebyshev polynomials N. Thus, N = 121 is used to generate the rest of the stability results in this paper. The neutral stability curve for r T = 0, Gr= 0, and Na= 0, which corresponds to the isothermal flow through a channel, is shown by a dotted line. It can be seen that the critical Reynolds number obtained for this case is 5772.2, which is the same as that of isothermal channel flow ͓41͔. This inspires further confidence in the predictions of our numerical procedure.
In Fig. 4 , we investigate the effect of varying r T , which is equivalent to increasing the temperature difference between the channel walls in the absence of viscous heating and gravity. An inspection of Fig. 4͑a͒ reveals that an increase in r T destabilizes the flow. This observation is the same as that of Ref. ͓20͔ and opposite to the finding in Refs. ͓22,23͔. However, this difference is due to the fact that unlike the present study, the authors in Refs. ͓22,23͔ used the viscosity at the hot wall ͑ hot ͒ as the reference viscosity while scaling the governing equations. It can be seen in Fig. 4͑b͒ that the present results agree with those of the latter studies, when we redefine the Reynolds number based on hot , Re H = U m H / hot . Since viscosity of liquid decreases with increasing temperature, the location of the maximum velocity is shifted toward the hot wall, as can also be seen in Fig. 1 . This makes the profile less ͑more͒ inflectional ͑UЉ =0͒ near the hot ͑cold͒ wall. It can also be seen in Fig. 4͑b͒ that the neutral stability curves for r T = 0.5 and −0.5 are indistinguishable when the Reynolds number is defined based on hot , Re H . This result indicates that the neutral stability curves are symmetrical in r T for this set of parameters, however, we will see below that this is not true for nonzero Na.
In the rest of this paper, we concentrate on studying the effects of the Nahme number. In Figs. 5͑a͒ and 5͑b͒, we plot numerically generated dispersion curves ͑ i against ␣ curves͒ for different values of Na with r T = 1 and r T = −0.5, respectively. The rest of the parameter values are Re= 10 4 , Pr= 1, and Gr= 100. The dispersion curves for the symmetrically heated channel ͑r T = 0 , Na= 0.86͒ Fig. 3 The effect of increasing the order of Chebyshev polynomials "N… on the neutral stability curve with r T =1, Pr=1, Gr = 100, and Na= 0.86. The dotted line shows the neutral stability curve for r T = 0, Gr= 0, and Na= 0, which corresponds to isothermal flow through a channel; the critical Reynolds number for this case is 5772.2. and isothermal channel ͑r T =0, Na=0͒ are also shown in Fig.  5͑a͒ . The dispersion curves depicted in Fig. 5 are paraboloidal, and i Ͼ 0 over a finite band of wavenumbers, indicating the presence of a linear instability. It can be seen in Figs. 5͑a͒ and 5͑b͒ that increasing Na is destabilizing, leading to an increase in the maximal growth rate and to a wider range of wavenumbers over which the flow is unstable for both r T = 1 and r T = −0.5. An inspection of Fig. 5͑a͒ also reveals that in the presence of viscous heating, the flow through a symmetrically heated ͑isothermal͒ channel is more ͑less͒ unstable than that of the corresponding asymmetrically heated channel.
In order to gain further insight into the mechanisms underlying the instabilities discussed in the foregoing, we have carried out an analysis of the "energy budget" ͓38,42͔ ͑see Appendix for details͒. A similar analysis was also performed recently by Sahu and coworkers ͓39,43͔ and Sevlam et al. ͓44͔ for immiscible nonNewtonian, miscible channel flows and miscible core annular flows, respectively. The energy "budgets" associated with points A-E and F-H, which correspond to the most dangerous modes of the dispersion curves in Figs. 5͑a͒ and 5͑b͒ are given in Tables 1  and 2, respectively. An inspection of Tables 1 and 2 reveals that the contribution arising from the spatially averaged "Reynolds stress" term, REY ͑viscous dissipation term, DIS͒ increases ͑de-creases͒ with increase in Na, which makes the flow more unstable. A similar mechanism of instability was found earlier by several authors ͓30-32͔ in Taylor-Couette systems. It can also be seen in Table 1 that the contribution arising from the spatially averaged REY ͑DIS͒ associated with point A is lower ͑higher͒ than that associated with point B, indicating that isothermal channel flow is less unstable than that in an asymmetrically heated channel. A similar comparison of the "energies" associated with points D and E reveals that flow in a symmetrically heated channel is more unstable than that in an asymmetrically heated channel when Na = 0.86.
Finally, in Fig. 6 we investigate the variation in critical Reynolds number, defined as the value of Re at which i = 0 with Na for different values of r T . It can be seen that Na is destabilizing for all positive values of r T investigated in the present work; the "isothermal" critical Reynolds number decreases by an order of magnitude with increasing Na. An inspection of Fig. 6 also reveals that r T is destabilizing for Na smaller than a critical value Na c ͑that depends on the rest of the parameters͒ but stabilizing above this value. To understand the physical mechanism of this behavior, we plot the dispersion curves for Na= 0.1 and 1.1 and Re= 10 4 in Figs. 7͑a͒ and 7͑b͒ , respectively. The rest of the parameter values are the same as those used to generate Fig. 6 . It can be seen in Figs. 7͑a͒ and 7͑b͒ that increasing r T is destabilizing for Na= 0.1 and stabilizing for Na= 1.1. We also found ͑not shown͒ that with the increase in r T , the Reynolds stress reduces near the cold wall and increases near the hot wall indicating that production near the hot wall is more important than that of the cold wall for the instability; dissipation, however, is almost identical in all the cases.
The destabilizing characteristics of r T for Na= 0.1 can be explained by inspection of the energy budgets of the points labeled A-D, associated with the most dangerous mode in Fig. 7͑a͒ , which are listed in Table 3 . An inspection of Table 3 indicates that the magnitude of the spatially averaged energy dissipation, DIS, decreases with increasing r T in contrast to that of REY, which remains approximately constant for the range of r T considered. Similarly, inspection of the energy budgets of the points labeled E-H, associated with the most dangerous mode in Fig. 7͑b͒ , which are listed in Table 4 , reveals that REY decreases with increasing r T . The spatially averaged DIS also decreases but with a slower rate.
Conclusions
We have investigated the effect of viscous heating parameterized by a suitably defined Nahme number, Na, on the linear stability of a pressure-driven channel flow with a temperaturedependent viscosity; both symmetrically and asymmetrically heated channel walls are considered. The viscosity-temperature dependence is modeled by a Nahme-type relationship. The modified Orr-Sommerfeld equation for the disturbance streamfunction coupled to a linearized energy equation is derived and solved using a spectral collocation method. Our results indicate that increasing the value of Na, which increases the relative significance of viscous heating, promotes instability. We have also found that increasing r T , which corresponds to an increase in the temperature difference between the two walls, is more ͑less͒ destabilizing for low ͑high͒ values of Na.
Here we have carried out an energy budget analysis as given in Refs. ͓38,42͔. A similar analysis was also performed recently by Sahu and co-workers ͓39,43͔ and Sevlam et al. ͓44͔ for immiscible non-Newtonian, miscible channel flows, and miscible core annular flows, respectively. The energy equation is derived by taking the inner product of the horizontal and vertical components of the Navier-Stokes equations with their respective velocity components. The resultant equation is then averaged over the wavelength 2 / ␣ and integrated over the height of channel. 
͑A4͒
where the superscript ‫ء‬ denotes complex conjugate, KIN represents the spatially averaged disturbance kinetic energy, REY denotes the spatially averaged Reynolds stress term, which determines the rate of production of energy due to transfer of energy from the base flow to the disturbances, and DIS corresponds to the spatially averaged viscous dissipation of energy. The above equation allows one to isolate the mechanisms by which energy is transferred from the base flow to the disturbances. 
